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As pointed out by Thomas^[@CR1]^, two successive non collinear Lorentz boosts are not equal to a direct boost but to a direct boost followed by a rotation of the coordinate axes. That is, $$\documentclass[12pt]{minimal}
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This rotation of the space coordinates under the application of successive Lorentz boosts is called Thomas rotation. This phenomenon occurs when a relativistic particle is undergoing accelerated motion. Now since we have to show the acceleration, we added an infinitesimal boost vector $\documentclass[12pt]{minimal}
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                \begin{document}$${\beta }_{12}=\frac{{\beta }_{1}+{\beta }_{2}}{1+{\beta }_{1}\cdot {\beta }_{2}}$$\end{document}$$ But successive boosts which are non collinear, in general, result in Thomas rotation of the space coordinates or in other words, the boosted frames which are accelerating in the sense that their direction is changing will experience Thomas rotation. So the values of the physical quantities obtained by applying just Lorentz transformation are not correct in such cases.

This work is inspired by the ideas discussed in^[@CR4]--[@CR11]^ but in a slightly different manner. Ungar *et al*. defined three inertial reference frames Σ, $\documentclass[12pt]{minimal}
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To our knowledge, the case of non-collinear boosts and its effects on the electromagnetic field tensor has not been discussed in the literature. The aim of this paper is to see how the electromagnetic field tensor transforms with the Lorentz transformations for general three-dimensional boosts and to show that the field tensor in the direct boosted frame $\documentclass[12pt]{minimal}
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Survey of some concepts of the Special Theory of Relativity {#Sec2}
===========================================================

Lorentz transformations {#Sec3}
-----------------------

For two inertial reference frames Σ and $\documentclass[12pt]{minimal}
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The generalization of Eq. ([4](#Equ4){ref-type=""}) for the relative velocity of $\documentclass[12pt]{minimal}
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Addition of velocities {#Sec4}
----------------------

Consider two inertial reference frames Σ and $\documentclass[12pt]{minimal}
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It can be shown that the Lorentz factor of $\documentclass[12pt]{minimal}
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Matrix representation and boost matrix {#Sec5}
--------------------------------------

For the rest of the paper, we will be using matrix methods to calculate Lorentz transformations as they are very convenient to use and are more explicit. All of the equations in Eqs. ([4](#Equ4){ref-type=""}) and ([5](#Equ5){ref-type=""}) can easily be obtained by using the boost matrices for Lorentz transformations. For example, for a boost along the *x* axis, the boost matrix can be written as^[@CR3]^: $$\documentclass[12pt]{minimal}
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Set-up {#Sec6}
------

To start with, consider two arbitrary boosts $\documentclass[12pt]{minimal}
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This whole transformation can be imagined as a product of two rotations: The first rotation is about the *z* axis by an angle *ϕ* which will align the *x* axis along the projection of the boost vector in the *xy* plane (Fig. [2](#Fig2){ref-type="fig"}). The rotation matrix associated with this rotation can be written as: $$\documentclass[12pt]{minimal}
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                \begin{document}$${R}_{1}=\left(\begin{array}{cccc}1 & 0 & 0 & 0\\ 0 & \cos \phi  & \sin \phi  & 0\\ 0 & -\sin \phi  & \cos \phi  & 0\\ 0 & 0 & 0 & 1\end{array}\right)$$\end{document}$$ The second rotation is about the *y*~1~ axis (Fig. [3](#Fig3){ref-type="fig"}) by an angle $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{\pi }{2}-\theta $$\end{document}$. The effect of this rotation is that it aligns the *x*~1~ axis to the boost vector $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{\beta }$$\end{document}$. For the second rotation, the rotation matrix can be written as: $$\documentclass[12pt]{minimal}
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                \begin{document}$${R}_{2}=\left(\begin{array}{cccc}1 & 0 & 0 & 0\\ 0 & \sin \theta  & 0 & \cos \theta \\ 0 & 0 & 1 & 0\\ 0 & -\cos \theta  & 0 & \sin \theta \end{array}\right)$$\end{document}$$ The overall effect of the two rotations can be combined in a single transformation matrix *R*: $$\documentclass[12pt]{minimal}
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                \begin{document}$$R={R}_{2}\cdot {R}_{1}=\left(\begin{array}{cccc}1 & 0 & 0 & 0\\ 0 & \sin \theta \cos \phi  & \sin \theta \sin \phi  & \cos \theta \\ 0 & -\sin \phi  & \cos \phi  & 0\\ 0 & -\cos \theta \cos \phi  & -\cos \theta \sin \phi  & \sin \theta \end{array}\right)$$\end{document}$$ It is clear from Fig. [4](#Fig4){ref-type="fig"} that if: $$\documentclass[12pt]{minimal}
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                \begin{document}$$\cos \theta =\frac{{\beta }_{z}}{{\lambda }_{1}};\qquad \sin \theta =\frac{{\eta }_{1}}{{\lambda }_{1}};\qquad \cos \phi =\frac{{\beta }_{x}}{{\eta }_{1}};\qquad \sin \phi =\frac{{\beta }_{y}}{{\eta }_{1}}$$\end{document}$$ where the parameters *λ*~1~ and *η*~1~ are defined in the Supplementary Information (Section [1](#MOESM1){ref-type="media"}).Figure 2Rotation about *z* axis by an angle *ϕ*. The new *x*, *y* and *z* axes are called the *x*~1~, *y*~1~ and *z*~1~ axes respectively.Figure 3Second rotation about the *y*~1~ axis by an angle $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{\pi }{2}-\theta $$\end{document}$. *x*, *y*, and *z* axes in this new frame are called the *x*~2~, *y*~2~ and *z*~2~ axes respectively.Figure 4General boost in three-dimensions. Dotted line represents the projection of $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{\beta }$$\end{document}$ on the *xy*-plane.

Using Eq. ([17](#Equ17){ref-type=""}), the matrix *R* can be written as: $$\documentclass[12pt]{minimal}
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                \begin{document}$$R=\left(\begin{array}{cccc}1 & 0 & 0 & 0\\ 0 & \frac{{\beta }_{x}}{{\lambda }_{1}} & \frac{{\beta }_{y}}{{\lambda }_{1}} & \frac{{\beta }_{z}}{{\lambda }_{1}}\\ 0 & -\frac{{\beta }_{y}}{{\eta }_{1}} & \frac{{\beta }_{x}}{{\eta }_{1}} & 0\\ 0 & -\frac{{\beta }_{x}{\beta }_{z}}{{\eta }_{1}{\lambda }_{1}} & -\frac{{\beta }_{y}{\beta }_{z}}{{\eta }_{1}{\lambda }_{1}} & \frac{{\eta }_{1}}{{\lambda }_{1}}\end{array}\right)$$\end{document}$$As mentioned earlier, this rotation matrix will transform the lab frame coordinates of any 4-vector (*xy*-frame) to its coordinates in the rotating frame also called longitudinal-transverse frame (*ℓt*-frame): $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{array}{lll}{\overrightarrow{\beta }}^{\ell t} & = & R\cdot {\overrightarrow{\beta }}^{xy}\\ \left(\begin{array}{c}0\\ {\beta }_{x}^{\ell t}\\ {\beta }_{y}^{\ell t}\\ {\beta }_{z}^{\ell t}\end{array}\right) & = & R\cdot \left(\begin{array}{c}0\\ {\beta }_{x}^{xy}\\ {\beta }_{y}^{xy}\\ {\beta }_{z}^{xy}\end{array}\right)=\left(\begin{array}{c}0\\ {\lambda }_{1}\\ 0\\ 0\end{array}\right)\end{array}$$\end{document}$$ where the superscripts *ℓt* and *xy* refer to the components in longitudinal-transverse frame and laboratory frame, respectively, and for the sake of simplicity in notation we assumed: $$\documentclass[12pt]{minimal}
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                \begin{document}$${\beta }_{x}^{xy}={\beta }_{x},\qquad {\beta }_{y}^{xy}={\beta }_{y},\qquad {\beta }_{z}^{xy}={\beta }_{z};$$\end{document}$$ Similarly, the infinitesimal boost in the longitudinal-transverse frame is of the form: $$\documentclass[12pt]{minimal}
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                \begin{document}$${\gamma }_{(\overrightarrow{\beta }+\delta \overrightarrow{\beta })}$$\end{document}$ in the *ℓt*-frame, we have: $$\documentclass[12pt]{minimal}
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                \begin{document}$${(\overrightarrow{\beta }+\delta \overrightarrow{\beta })}^{\ell t}=\left({\lambda }_{1},+,\frac{{\lambda }_{2}}{{\lambda }_{1}}\right)\hat{x}+\frac{{\lambda }_{6}}{{\eta }_{1}}\hat{y}+\frac{{\lambda }_{5}}{{\eta }_{1}{\lambda }_{1}}\hat{z}$$\end{document}$$ Keeping the terms linear in *δβ*, we get $$\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma =\frac{1}{\sqrt{1-{\lambda }_{1}^{2}}}$$\end{document}$ is the Lorentz factor.

Using Eq. ([19](#Equ19){ref-type=""}), the boost matrix for boost $\documentclass[12pt]{minimal}
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                \begin{document}$$A{\left(\overrightarrow{\beta }\right)}^{\ell t}=\left(\begin{array}{cccc}\gamma  & -\gamma {\lambda }_{1} & 0 & 0\\ -\gamma {\lambda }_{1} & \gamma  & 0 & 0\\ 0 & 0 & 1 & 0\\ 0 & 0 & 0 & 1\end{array}\right)$$\end{document}$$Similarly, using Eqs. ([19](#Equ19){ref-type=""}) and ([20](#Equ20){ref-type=""}), to the first order in *δβ*, the boost matrix for the direct boost $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{\beta }+\delta \overrightarrow{\beta }$$\end{document}$ in the *ℓt*-frame can be written as: $$\documentclass[12pt]{minimal}
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Transformations of the Electromagnetic Field Tensor {#Sec7}
===================================================

The main idea of this paper is to see how the electromagnetic fields transform relativistically when there is an accelerated motion. It can be further divided into transformations in the longitudinal-transverse and lab frame.

Longitudinal-transverse ***ℓ****t*-frame {#Sec8}
----------------------------------------

To see the effects on electromagnetic fields, we first need to bring the electromagnetic field tensor to the rotating *ℓt*-frame so that all the boosts and electromagnetic fields are in the same frame to start with. The electromagnetic field tensor *F*^*μν*^ in the lab frame is given by^[@CR14]^: $$\documentclass[12pt]{minimal}
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                \begin{document}$${F}^{\mu \nu }=\left(\begin{array}{cccc}0 & -{E}_{x} & -{E}_{y} & -{E}_{z}\\ {E}_{x} & 0 & -{B}_{z} & {B}_{y}\\ {E}_{y} & {B}_{z} & 0 & -{B}_{x}\\ {E}_{z} & -{B}_{y} & {B}_{x} & 0\end{array}\right)$$\end{document}$$ For the rest of the paper we will write *F*^*μν*^ = *F*.

To get the field tensor in the *ℓt*-frame, we can apply the rotation matrix *R* on *F*^*μν*^: $$\documentclass[12pt]{minimal}
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                \begin{document}$${F}^{\ell t}=R\cdot F\cdot {R}^{T}$$\end{document}$$where the superscript *T* refers to matrix transpose. After plugging in the values of *R* and *F* from Eqs. ([18](#Equ18){ref-type=""}) and ([23](#Equ23){ref-type=""}), we can write *F*^*ℓt*^ as: $$\documentclass[12pt]{minimal}
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                \begin{document}$${F}^{\ell t}=\left(\begin{array}{cccc}0 & -\frac{{\kappa }_{1}}{{\lambda }_{1}} & -\frac{{\kappa }_{2}}{{\eta }_{1}} & -\frac{{\kappa }_{3}}{{\eta }_{1}{\lambda }_{1}}\\ \frac{{\kappa }_{1}}{{\lambda }_{1}} & 0 & -\frac{{\kappa }_{6}}{{\eta }_{1}{\lambda }_{1}} & \frac{{\kappa }_{5}}{{\eta }_{1}}\\ \frac{{\kappa }_{2}}{{\eta }_{1}} & \frac{{\kappa }_{6}}{{\eta }_{1}{\lambda }_{1}} & 0 & -\frac{{\kappa }_{4}}{{\lambda }_{1}}\\ \frac{{\kappa }_{3}}{{\eta }_{1}{\lambda }_{1}} & -\frac{{\kappa }_{5}}{{\eta }_{1}} & \frac{{\kappa }_{4}}{{\lambda }_{1}} & 0\end{array}\right)$$\end{document}$$ where $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{array}{lll}{\kappa }_{1} & = & {\beta }_{x}{E}_{x}+{\beta }_{y}{E}_{y}+{\beta }_{z}{E}_{z}\\ {\kappa }_{2} & = & {\beta }_{x}{E}_{y}-{\beta }_{y}{E}_{x}\\ {\kappa }_{3} & = & {E}_{z}{\beta }_{x}^{2}-{\beta }_{x}{\beta }_{z}{E}_{x}+{\beta }_{y}\left({\beta }_{y}{E}_{z}-{\beta }_{z}{E}_{y}\right)\\ {\kappa }_{4} & = & {B}_{x}{\beta }_{x}+{B}_{y}{\beta }_{y}+{B}_{z}{\beta }_{z}\\ {\kappa }_{5} & = & {B}_{y}{\beta }_{x}-{B}_{x}{\beta }_{y}\\ {\kappa }_{6} & = & {B}_{z}{\eta }_{1}^{2}-\left({B}_{x}{\beta }_{x}+{B}_{y}{\beta }_{y}\right){\beta }_{z}\end{array}$$\end{document}$$ To the electromagnetic field tensor obtained in Eq. ([24](#Equ24){ref-type=""}), we will apply boost matrix for the first successive boost $\documentclass[12pt]{minimal}
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                \begin{document}$${\left(\overrightarrow{\beta }+\delta \overrightarrow{\beta }\right)}^{\ell t}$$\end{document}$ using the well-known equation^[@CR15]^: $$\documentclass[12pt]{minimal}
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                \begin{document}$${F}^{{\prime} }=A\cdot F\cdot {A}^{T}$$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${F}^{{\prime} }$$\end{document}$ and *F* are the electromagnetic field tensors in the boosted frame and the lab frame (or any inertial frame) respectively and *A* is the boost matrix.
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                \begin{document}$${F}^{\ell t}$$\end{document}$ can be calculated using Eqs. ([21](#Equ21){ref-type=""}), ([24](#Equ24){ref-type=""}) and ([25](#Equ25){ref-type=""}): $$\documentclass[12pt]{minimal}
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                \begin{document}$${({F}^{{\rm{{\prime} }}})}^{\ell t}=A({\overrightarrow{\beta }}^{\ell t})\cdot {F}^{\ell t}\cdot {(A({\overrightarrow{\beta }}^{\ell t}))}^{T}$$\end{document}$$The following table has the elements of $\documentclass[12pt]{minimal}
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                \begin{document}$${({F}^{{\rm{{\prime} }}})}^{\ell t}$$\end{document}$ after matrix multiplication: Electromagnetic fields in Table [1](#Tab1){ref-type="table"} are consistent with the standard field transformation equations^[@CR7],[@CR15]^.$$\documentclass[12pt]{minimal}
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It can be easily shown that if the boosts and rotations are infinitesimal then: $$\documentclass[12pt]{minimal}
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                \begin{document}$${({F}^{\prime\prime\prime })}^{\ell t}$$\end{document}$ can be obtained by operating an inverse Thomas rotation on (*F″* )^*ℓt*^. In fact, we used this as a check for verifying if the expressions of electromagnetic fields calculated using Eq. ([32](#Equ32){ref-type=""}) are correct.$$\documentclass[12pt]{minimal}
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Laboratory *xy*-frame {#Sec9}
---------------------

After getting the expressions of electromagnetic fields in the *ℓt*-frame obtained by different boosts, we now calculate the electromagnetic fields by the same boosts with respect to the lab frame. The overall approach stays the same but all the boost matrices are needed to be transformed in the *xy*-frame before being used to calculate the electromagnetic field tensor. Another way of calculating the electromagnetic field tensor is to directly transform the field tensors obtained in *ℓt*-frame.

In order to calculate the electromagnetic field tensor for various boosts in the lab *xy*-frame, we will just use the field tensor *F* as defined in Eq. ([23](#Equ23){ref-type=""}). Since *R* is the rotation matrix for passive coordinate transformations ([18](#Equ18){ref-type=""}), we have: $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{array}{lll}{F}^{xy} & = & {R}^{T}\cdot {F}^{\ell t}\cdot R\\ {A}^{xy} & = & {R}^{T}\cdot {A}^{\ell t}\cdot R\end{array}$$\end{document}$$ After matrix multiplication, $\documentclass[12pt]{minimal}
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Again, the components of the electromagnetic field tensor in Table [2](#Tab2){ref-type="table"} can be verified from the standard field transformations as shown in Eq. ([26](#Equ26){ref-type=""}).Table 2Expressions for the indicated components of the electromagnetic field tensor after being transformed by the first boost $\documentclass[12pt]{minimal}
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In order to calculate electromagnetic fields in the inertial frames which are boosted upon by pure Lorentz boosts (no rotation), we use successive boosts $\documentclass[12pt]{minimal}
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Using Eq. ([38](#Equ38){ref-type=""}) we can now calculate electromagnetic fields due to pure Lorentz boosts whose detailed expressions are provided in the Supplementary Information (Section [3.2](#MOESM1){ref-type="media"}).$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{lll}{({F}^{\prime\prime\prime })}^{xy} & = & A{\left(\Delta \overrightarrow{\beta }\right)}^{xy}\cdot A{\left(\overrightarrow{\beta }\right)}^{xy}\cdot {F}^{xy}\cdot {\left(A{(\overrightarrow{\beta })}^{xy}\right)}^{T}\cdot {\left(A{\left(\Delta \overrightarrow{\beta }\right)}^{xy}\right)}^{T}\\  & = & A{\left(\Delta \overrightarrow{\beta }\right)}^{xy}\cdot {({F}^{{\prime} })}^{xy}\cdot {\left(A{\left(\Delta \overrightarrow{\beta }\right)}^{xy}\right)}^{T}\end{array}$$\end{document}$$

Validation of Results {#Sec10}
=====================

All the framework that we have constructed can be verified by two ways: Verifying the form of boost matrices and electromagnetic field tensor for some special cases as discussed here^[@CR3],[@CR13]^.Applying this whole formalism on a 4-vector like position.

For the first approach, in order to see the identical nature of results we will assume the special case of *β*~*y*~ = *β*~*z*~ = *δβ*~*z*~ = 0. Applying this assumption on Eqs. ([21](#Equ21){ref-type=""}) and ([22](#Equ22){ref-type=""}) will give us: $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{array}{lll}A{\left(\overrightarrow{\beta }\right)}^{\ell t} & = & \left(\begin{array}{cccc}\gamma  & -\gamma {\beta }_{x} & 0 & 0\\ -\gamma {\beta }_{x} & \gamma  & 0 & 0\\ 0 & 0 & 1 & 0\\ 0 & 0 & 0 & 1\end{array}\right)\\ A{\left(\overrightarrow{\beta }+\delta \overrightarrow{\beta }\right)}^{\ell t} & = & \left(\begin{array}{cccc}\gamma +{\gamma }^{3}{\beta }_{x}\delta {\beta }_{x} & -(\gamma {\beta }_{x}+{\gamma }^{3}\delta {\beta }_{x}) & -\gamma \delta {\beta }_{y} & 0\\ -(\gamma {\beta }_{x}+{\gamma }^{3}\delta {\beta }_{x}) & \gamma +{\gamma }^{3}{\beta }_{x}\delta {\beta }_{x} & \left(\frac{\gamma -1}{{\beta }_{x}}\right)\delta {\beta }_{y} & 0\\ -\gamma \delta {\beta }_{y} & \left(\frac{\gamma -1}{{\beta }_{x}}\right)\delta {\beta }_{y} & 1 & 0\\ 0 & 0 & 0 & 1\end{array}\right)\end{array}$$\end{document}$$ Similarly, $\documentclass[12pt]{minimal}
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                \begin{document}$${A}_{T}^{\ell t}=\left(\begin{array}{cccc}1 & -{\gamma }^{2}\delta {\beta }_{x} & -\gamma \delta {\beta }_{y} & 0\\ -{\gamma }^{2}\delta {\beta }_{x} & 1 & \frac{(\gamma -1)\delta {\beta }_{y}}{{\beta }_{x}} & 0\\ -\gamma \delta {\beta }_{y} & -\frac{(\gamma -1)\delta {\beta }_{y}}{{\beta }_{x}} & 1 & 0\\ 0 & 0 & 0 & 1\end{array}\right)$$\end{document}$$In the lab *xy*-frame, we get the exact same results as Eqs. ([40](#Equ40){ref-type=""}) and ([41](#Equ41){ref-type=""}) for the above mentioned special case. This makes perfect sense since letting *β*~*y*~ = *β*~*z*~ = *δβ*~*z*~ = 0 would just make the original passive coordinate transformations redundant and both the *ℓt*- and *xy*- frames will be identical.

To see if the matrix for Thomas rotation $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta \overrightarrow{\Omega }=\left[\left(\frac{\gamma -1}{{\beta }^{2}}\right)\overrightarrow{\beta }\times \delta \overrightarrow{\beta }\right]$$\end{document}$$The Thomas rotation matrix calculated from the Eq. ([42](#Equ42){ref-type=""}) using the corresponding representations of the boost vectors in *ℓt*/*xy* -frames matches with Eqs. ([30](#Equ30){ref-type=""}) and ([38](#Equ38){ref-type=""}).

For the verification of Electromagnetic Field Tensors, we can calculate them in different ways. As an example, we calculated $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${({F}^{\prime\prime\prime })}^{xy}$$\end{document}$ using: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{lll}{({F}^{\prime\prime\prime })}^{xy} & = & A{\left(\Delta \overrightarrow{\beta }\right)}^{xy}\cdot A{\left(\overrightarrow{\beta }\right)}^{xy}\cdot {F}^{xy}\cdot {\left(A{\left(\overrightarrow{\beta }\right)}^{xy}\right)}^{T}\cdot {\left(A{\left(\Delta \overrightarrow{\beta }\right)}^{xy}\right)}^{T}\\  & = & {R}_{{\rm{tom}}}{\left(-\Delta \overrightarrow{\Omega }\right)}^{xy}\cdot {({F}^{{\prime\prime} })}^{xy}\cdot {\left({R}_{{\rm{tom}}}{\left(-\Delta \overrightarrow{\Omega }\right)}^{xy}\right)}^{T}\\  & = & {R}^{T}\cdot {({F}^{\prime\prime\prime })}^{\ell t}\cdot R\end{array}$$\end{document}$$All three equations yielded same results. Similar verification also holds for other electromagnetic field tensors involved.

Our second approach for verification is based on Ungar *et al*.^[@CR4],[@CR12],[@CR15]^ in which we apply direct boost $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\overrightarrow{\beta }}^{\ell t}$$\end{document}$ using Eq. ([21](#Equ21){ref-type=""}) in the same way we calculated the electromagnetic field tensor *F*^*μν*^: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${({r}^{{\prime} })}^{\ell t}=A{\left(\overrightarrow{\beta }\right)}^{\ell t}\cdot {(r)}^{\ell t}=\left(\begin{array}{c}-\gamma \left(x{\beta }_{x}+y{\beta }_{y}+z{\beta }_{z}\right)\\ \frac{\gamma \left(x{\beta }_{x}+y{\beta }_{y}+z{\beta }_{z}\right)}{{\lambda }_{1}}\\ \frac{y{\beta }_{x}-x{\beta }_{y}}{{\eta }_{1}}\\ \frac{z{\beta }_{x}^{2}-x{\beta }_{z}{\beta }_{x}+{\beta }_{y}\left(z{\beta }_{y}-y{\beta }_{z}\right)}{{\eta }_{1}{\lambda }_{1}}\end{array}\right)$$\end{document}$$which is nothing but the standard Lorentz transformation of coordinates. Similarly, for the direct boost $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${s}^{2}={x}_{0}^{2}-{x}_{1}^{2}-{x}_{2}^{2}-{x}_{3}^{2}$$\end{document}$$ To see if that is the case, we can apply Eq. ([48](#Equ48){ref-type=""}) to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${({r}^{{\prime} })}^{\ell t}$$\end{document}$, (*r*″)^*ℓt*^ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${({r}^{\prime\prime\prime })}^{\ell t}$$\end{document}$ calculated above. The invariant $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${s}^{2}=-{x}^{2}-{y}^{2}-{z}^{2}$$\end{document}$$ indeed stays the same for each case. This makes sense since we ignored the time component.

Similar results can be obtained for the position 4-vector *r* in the lab *xy* -frame and it can be easily proved that the invariant does not change. We also compare our approach with Ungar's in the Supplementary Information (Section [4](#MOESM1){ref-type="media"}).

Conclusion {#Sec11}
==========

The work presented in this paper is another confirmation of the fact that two successive boosts are not equal to a single direct boost. In the case of the electromagnetic field, just applying the usual electromagnetic field transformation equations will not result in the correct form of electromagnetic fields in the case of non-collinear boosts (accelerating frames) as Thomas rotation must be included.

Apart from the validations made in the previous section we will see if the electromagnetic field tensors in the direct boosted frame $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta \overrightarrow{\beta }$$\end{document}$ are consistent with the Thomas rotation. To see that we can take the difference between the corresponding elements of *F*″ and *F*‴ in both the longitudinal-transverse *ℓt* and lab *xy*-frames.

After taking the difference of the electromagnetic field tensors *F″* and *F*‴ we found that $$\documentclass[12pt]{minimal}
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                \begin{document}$${({F}^{{\prime\prime} })}_{ij}-{({F}^{\prime\prime\prime })}_{ij}\propto (\gamma -1)$$\end{document}$$for both *ℓt*- and *xy*-frames. This makes sense because both *F″* and *F*‴ just differ by Thomas rotation. Although taking the difference of *F″* and *F*‴ is not very significant physically it does show what we expected.

To our knowledge, this is the first time that someone has calculated the expressions of the electromagnetic fields in the frames corresponding to general three-dimensional non-collinear boosts.

One application of this work concerns the calculation of shifts in the Larmor frequency of highly relativistic particles moving through non-uniform magnetic and electric fields. Such a formalism was developed for the motion of non-relativistic particles^[@CR17]--[@CR19]^; however, this formalism is not directly applicable to relativistic particles because the formalism assumes the electromagnetic fields are known in the particle rest frame. For a highly relativistic particle undergoing acceleration (e.g., relativistic charged particles stored by electromagnetic fields within a circular storage ring), one can then apply the formalism developed here in this paper to determine the electromagnetic fields in an appropriate reference frame, where any residual motion of the particle is then non-relativistic, and then proceed to calculate the frequency shifts per the formalism of^[@CR17]--[@CR19]^.
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